We consider finite simple graphs. Given a graph H and a positive integer n, the Turán number of H for the order n, denoted ex(n, H), is the maximum size of a graph of order n not containing H as a subgraph. Erdős posed the following problem in 1990: "For which graphs H is it true that every graph on n vertices and ex(n, H) + 1 edges contains at least two Hs? Perhaps this is always true." We solve the second part of this problem in the negative by proving that for every integer k ≥ 4, there exists a graph H of order k and at least two orders n such that there exists a graph of order n and size ex(n, H)+1 which contains exactly one copy of H.
Introduction and Statement of the Main Results
We consider finite simple graphs, and use standard terminology and notations. The order of a graph is its number of vertices, and the size its number of edges. Denote by V (G) and E(G) the vertex set and edge set of a graph G respectively. For graphs we will use equality up to isomorphism, so G 1 = G 2 means that G 1 and G 2 are isomorphic. Given graphs H and G, a copy of H in G is a subgraph of G that is isomorphic to H. K p and C p denote the complete graph of order p and cycle of length p respectively. K s, t denotes the complete bipartite graph on s and t vertices. In particular, K 1, p is the star of order p + 1. A triangle-free graph is one that contains no triangles.
In 1907, Mantel [10] proved that the maximum size of a triangle-free graph of order n is n 2 /4 and the balanced complete bipartite graph K n/2 , n/2 is the unique extremal graph. Later in 1941, Turán [12] solved the corresponding problem with the triangle replaced by a general complete graph. Definition 1. Given a graph H and a positive integer n, the Turán number of H for the order n, denoted ex(n, H), is the maximum size of a simple graph of order n not containing H as a subgraph.
Thus, Mantel's theorem says that ex(n, K 3 ) = n 2 /4 , and Turán determined ex(n, K p ).
Determining the Turán number for various graphs H is one of the main topics in extremal graph theory [1] . Note that a triangle is both K 3 and C 3 . It is natural to extend Mantel's theorem to the case of larger cycles. This is difficult for even cycles. For example, the values ex(n, C 4 ) have not been determined for a general order n (precise values are known only for some orders of special forms; see [6] and [7] ), and a conjecture of Erdős and Simonovits on ex(n, C 6 ) was refuted in [8] .
On the other hand, Rademacher (orally to Erdős who gave a simple proof in 1955 [5] ) proved that every graph of order n and size ex(n, K 3 )+1 contains at least n/2 triangles.
A similar result for a general K p was proved by Moon [11] .
In 1990, Erdős posed the following problem in his paper entitled "Some of my favourite unsolved problems" [4, pp.472-473] :
For which graphs H is it true that every graph on n vertices and ex(n, H) + 1 edges contains at least two Hs? Perhaps this is always true.
We solve the second part of this problem in the negative. We will use the class of book graphs.
Definition 2. The book with p pages, denoted B p , is the graph that consists of p triangles sharing a common edge.
The main results are as follows.
Theorem 1. Let p be an even integer and let n be an odd integer with n ≥ p + 1 ≥ 5.
Then there exists a graph of order n and size ex(n, K 1, p ) + 1 which contains exactly one copy of K 1, p . Combining Theorems 1 and 2 we obtain the following corollary.
Corollary 3. For every integer k ≥ 4, there exists a graph H of order k and at least two orders n such that there exists a graph of order n and size ex(n, H) + 1 which contains exactly one copy of H.
We remark that the conclusion in Theorem 1 is false for odd p ≥ 3 and for the case when both p and n are even. In these two cases, the minimum number of copies of K 1, p in a graph of order n and size ex(n, K 1, p ) + 1 is 2.
The following result shows that the statement for odd p on books corresponding to Theorem 2 is false. Theorem 4. Let p ≥ 3 be an odd integer. Then the minimum number of copies of B p in a graph of order p + 2 and size ex(p + 2, B p ) + 1 is 3, and the minimum number of copies of B p in a graph of order p + 3 and size ex(p + 3, B p ) + 1 is 3(p + 1).
Recently He, Ma and Yang [9, Conjecture 10.2] made the conjecture that ex(q 2 + q + 2, C 4 ) = (q(q + 1) 2 )/2 + 2 for large q = 2 k . They [9, Proposition 10.3] proved that if this conjecture is true, then the 4-cycle C 4 would serve as a counterexample to Erdős' Problem 1 and that [9, p.38 ] C 4 for the order 22 is such an example. Our next result shows that C 4 is a counterexample to Problem 1 for several low orders.
Theorem 5. For every integer n with 6 ≤ n ≤ 11, there exists a graph of order n and size ex(n, C 4 ) + 1 which contains exactly one copy of C 4 , but for n = 12 or n = 13, the minimum number of copies of C 4 in a graph of order n and size ex(n, C 4 ) + 1 is 2.
In Section 2 we give proofs of the above results, and in Section 3 we make some concluding remarks. Notation. For an even positive integer n, the notation K n − P M denotes the graph obtained from the complete graph K n by deleting all the edges in a perfect matching of K n ; i.e., it is the complement of (n/2)K 2 .
Proofs of the Main Results
The following lemma is well-known [2, pp.12-13], but its hamiltonian part is usually not stated. Lemma 6. Let k and n be integers with 1 ≤ k ≤ n − 1. Then there exists a k-regular graph of order n if and only if kn is even. If kn is even and k ≥ 2, then there exists a hamiltonian k-regular graph of order n. Proof. If at least one of n and d are even, then by Lemma 6 there exists a d-regular graph of order n. Hence the obvious upper bound nd/2 can be attained.
If both n and d are odd, then such a graph has at most n−1 vertices with degree d, since the number of odd vertices in any graph is even. Hence f (n, d) ≤ ((n − 1)d + (d − 1))/2 = (nd − 1)/2. Next we show that this upper bound can be attained. If d = 1, the graph ((n−1)/2)K 2 +K 1 attains the upper bound. Now suppose d ≥ 2. By Lemma 6, there exists a d-regular graph G of order n − 1 containing a matching M = {x i y i |i = 1, . . . , (d − 1)/2} of size (d − 1)/2. In G, delete all the edges in M, add a new vertex v and join the edges vx i , vy i for i = 1, . . . , (d − 1)/2. Thus we obtain a graph with degree sequence
By Lemma 7, ex(n, K 1, p ) = (n(p − 1) − 1)/2. Note that a graph with degree sequence
Hence a graph of order n and size ex(n, K 1, p ) + 1 contains exactly one copy of K 1, p if and only if its degree sequence is p, p − 1, . . . , p − 1.
Our assumption in Theorem 1 implies p − 1 ≥ 3. By Lemma 6, there exists a hamiltonian (p − 1)-regular graph R of order n − 1. Obviously R contains a matching M = {x i y i |i = 1, . . . , p/2} of size p/2. Deleting all the edges in M, adding a new vertex v, and joining the edges vx i and vy i for i = 1, . . . , p/2, we obtain a graph H with degree sequence p, p − 1, . . . , p − 1. H has order n, size ex(n, K 1, p ) + 1 and contains exactly one Proof. The proofs for the four Turán numbers have the same pattern, but these results hold for different reasons. Let G be a graph of order n and size e with vertices v 1 , . . . , v n such that deg(v i ) = d i , i = 1, . . . , n and d 1 ≥ . . . ≥ d n . These notations will be used throughout the proof. We assign different values to the order n and size e in different cases.
(1) ex(p + 2, B p ) for even p. Suppose n = p + 2 and e ≥ (p(p + 2)/2) + 1. Then
On the other hand, the graph G 1 = K p+2 − P M has order p + 2 and size p(p + 2)/2, and does not contain B p . In fact, every edge of G 1 lies in exactly p − 2 triangles. To see this, let uv be an edge of G 1 and let ux and vy be the two edges in the perfect matching.
Then uvzu is a triangle of G 1 if and only if z ∈ {u, v, x, y}, and consequently there are
Combining this inequality with the proved reverse inequality we obtain ex(p + 2, B p ) = p(p + 2)/2.
(2) ex(p + 3, B p ) for even p. Suppose n = p + 3 and e ≥ (p(p + 4)/2) + 1. Then n i=1 d i = 2e ≥ p(p + 4) + 2. We distinguish two cases.
graph of odd degree p + 1 and odd order p + 3, which is impossible by Lemma 6. We Next we consider the order p + 3. By Lemma 8, ex(p + 3, B p ) = p(p + 4)/2. Let G 6 be the complement of (p/2)K 2 + P 3 where P 3 is the path of order 3. Note that G 6 is obtained from the graph G 2 in the proof of Lemma 8 by adding one edge to the subgraph K 3 :
Then G 6 has order p + 3 and size (p(p + 4)/2) + 1. Let h be the edge of G 6 corresponding to K 2 ; i.e., the edge added to G 2 . It is easy to check that h is the unique edge of G 6 that lies in p triangles. Hence G 6 contains exactly one copy of
Conversely, let Z be a graph of order p + 3 and size (p(p + 4)/2) + 1 which contains exactly one copy of B p . Let v 1 , . . . , v p+3 be the vertices of Z such that v 1 and v 2 are
. Thus we assumed that v 1 v 2 is the unique edge of Z that lies in p triangles. If deg(v i ) = p + 2 for some i with 3 ≤ i ≤ p + 2, then Z would contain at least three copies of B p , a contradiction. Hence deg(v i ) ≤ p + 1 for 3 ≤ i ≤ p + 2. We also have deg(v p+3 ) ≤ p, since otherwise Z would contain at least two copies of B p .
We assert that v p+3 ∈ N (v 1 ) ∪ N (v 2 ). To the contrary, without loss of generality suppose v p+3 is adjacent to v 1 . First consider the case p = 2. Then v p+3 = v 5 cannot be adjacent to any of v 3 and v 4 , and also v 3 and v 4 are not adjacent, since otherwise Z 
Summarizing the above analysis we obtain deg
These restrictions on the degrees, together with the condition that the degree sum of Z is p(p + 4) + 2, imply that the degree sequence of Z must be p + 1, p + 1, . . . , p + 1, p. It remains to show that G 6 is the only graph with such a degree sequence, implying that Z = G 6 . The complement of such a graph has degree sequence 2, 1, . . . , 1. Clearly (p/2)K 2 + P 3 is the only graph with degree sequence 2, 1, . . . , 1. This completes the proof. The graph in Figure 4 has order 11 and size 19 = ex(11, C 4 ) + 1 and contains exactly one copy of C 4 , the cycle 1, 7, 9, 11, 1.
Next we treat the case of order n = 12. Let G be a graph of order 12 and size 22 = ex(12, C 4 ) + 1. We first show that G contains at least two copies of C 4 .
Let Let S be a set of graphs and let n be a positive integer. The Turán number of S for the order n, denoted ex(n, S ), is the maximum size of a simple graph of order n not containing any graph in S as a subgraph. The following four facts can be easily verified. (2) The minimum number of copies of C 4 in a graph of order 6 and size 9 is 3.
We distinguish two cases according to ∆ = ∆(G). Since the average degree of G is 11/3, we have ∆ ≥ 4. We use the notation e(H) to denote the size of a graph H. The graph in Figure 5 has order 12 and size 22, and contains exactly two 4-cycles:
3, 4, 5, 9, 3 and 3, 8, 10, 9, 3. Thus the minimum number of copies of C 4 in a graph of order 12 and size 22 is 2.
Finally we consider the case of order n = 13. A graph of order 13 and size 25 = ex(13, C 4 ) + 1 has average degree 50/13 < 4. Hence it has a vertex of degree ≤ 3. Deleting that vertex, we obtain a graph of order 12 and size at least 22, which contains at least two 4-cycles by the proved result for the order n = 12. On the other hand, the graph in Figure 6 has order 13 and size 25, and contains exactly two 4-cycles: 1, 2, 10, 12, 1 and
